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Lack of exponential decay for the Plate equation
with Acoustic Boundary Condition

Andrés I. Ávila*

Departmento de Ingeniería Matemática
Centro de Excelencia de Modelación y Computación Científica

Universidad de la Frontera
Temuco, Chile

Resumen

Let Ω be a bounded domain in Rn with smooth boundary ∂Ω = Γ0 ∪ Γ1, where Γ0 and Γ1

are bounded non empty and such that Γ0 ∩Γ1 6= ∅. Assume that there exists x0 ∈ Rn such that
ν(x)(x − x0) ≤ 0, on Γ0, ν(x)(x − x0) ≥ 0, on Γ1, where ν is the unit outward normal vector
of Γ. We consider the plate equation

ϕtt(x, t) = −∆2ϕ(x, t) in x ∈ Ω, t ∈ R, (1)

with boundary condition ϕ(x, t) = 0, δt(x, t) = ∆ϕ(x, t) on Γ1, where δ is the solution of the
acoustic boundary condition

mδtt(x, t) + kδ(x, t) + γδt(x, t) +
∂ϕt
∂ν

(x, t) = 0 on Γ1, (2)

m, k, γ ∈ L∞(Γ1) are positive functions, and ϕ(x, t) = 0, ∂ϕ
∂ν

(x, t) = 0 on Γ0.
The acoustic boundary condition was consider for the wave equation by several authors

(Abbas and Nicaise [1], Rivera et al. [8] to cite a few). Mugnolo [7] proved the well possedness
for an abstract model that includes the plate equation with acoustic boundary condition (1)-(2)
, but no decay properties. However, the energy associated to system (1)-(2) is dissipative. The
main result of this paper shows that a plate system is not exponentially stable using a new for
compact perturbed operators [9]. Let us define the phase space by

H = H2
Γ0

(Ω) ∩H1
0 (Ω)× L2(Ω)× L2(Γ1)× L2(Γ1),

and
H0 = H2 ∩H1

0 (Ω)× L2(Ω)×H1/2(Γ1)×H1/2(Γ1),

which is invariant by S(t).
We use the following result based on an extension of Weyl’s Invariant Theorem given in [9].

Corollary 1 Let T (t) be a contraction semigroups defined on H a Hilbert space and T0(t) be
an unitary group over H0 subspace of H. If the difference T (t) − T0(t) is compact from H0 to
H, then T (t) is not exponentially stable.

Next, we prove

Lemma 1 The difference K(t) = S(t)− Sc(t) is compact from H0 to H.
We conclude that

Theorem 1 The semigroup S(t) is not exponentially stable.

In addition, to prove the polynomial decay, we need to change the usual phase space in-
troducing more regularity, but loosing the dissipative properties of the infinitesimal generator.
Applying the following theorem in [3].

*e-mail: andres.avila@ufrontera.cl
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Theorem 2 Let S(t) be a bounded C0-semigroup on a Hilbert space H with generator A such
that iR ⊂ %(A). Then

1

|η|α ‖(iηI −A)−1‖ ≤ C, ⇔ ‖S(t)A−1‖ ≤ c

t1/α
.

We finally prove that

Theorem 3 The semigroup associated to system (1)–(2) is polynomially stable that is

‖S(t)U0‖ ≤
C

t1/4
‖U‖D(A).

Joint work with:
Juan Luis Aguayo1, Instituto de Ciencias Físicas y Matemáticas, Universidad Austral de Chile,
Chile.
Author 32, Departmento de Matemática, Universidad del Bí-Bío, Concepción, Chile.
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Control of parabolic systems and
some applications to the control of fluids

Nicolás Carreño*

Departamento de Matemática
Universidad Técnica Federico Santa María

Santiago, Chile

Resumen

This talk is meant to be a brief overview of the control of linear parabolic equations and systems,
using the heat equation as an example. As we will see, the control problem is equivalent to an
observability inequality for the adjoint equation. We will present a strategy based on Carleman
estimates to prove observability for equations and systems. Then, we will see how these ideas are
applied to obtain controllability results for some models from fluid mechanics: the Navier-Stokes
and Boussinesq systems. In particular, we are interested in controlling these systems when one
or more components of the control are missing.

Referencias
[1] Carreño, N., Insensitizing controls for the Boussinesq system with no control on the tempe-

rature equation, Adv. Differential Equations 22, (2017), no. 3-4, 235-258.

[2] Carreño, N.; Guerrero, S.; Gueye, M., Insensitizing controls with two vanishing com-
ponents for the three-dimensional Boussinesq system, ESAIM Control Optim. Calc. Var. 21,
(2015), no. 1, 73-100.

[3] Carreño, N.; Gueye, M., Insensitizing controls with one vanishing component for the Navier-
Stokes system, J. Math. Pures Appl. 101, (2014), no. 1, 27-53.

[4] Carreño, N., Local controllability of the N-dimensional Boussinesq system with N-1 scalar
controls in an arbitrary control domain, Math. Control Relat. Fields 2, (2012), no. 4, 361-382.

[5] Carreño, N.; Guerrero, S., Local null controllability of the N-dimensional Navier-Stokes
system with N-1 scalar controls in an arbitrary control domain, Math. Fluid Mech. 15, (2013),
no. 1, 139-153.

*Partially supported by FONDECYT 11170489, e-mail: nicolas.carrenog@usm.cl
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Existence and uniqueness of stationary solutions for
a bioconvective flow model

Aníbal Coronel*
Facultad de Ciencias

Departmento de Ciencias Básicas
Universidad del Bío-Bío

Chillán, Chile

Resumen

In this paper we prove the existence and uniqueness of weak solutions for the boundary value
problem modelling the stationary case of the bioconvective flow problem. The bioconvective mo-
del is a boundary value problem for a system of four equations: the nonlinear Stokes equation,
the incompressibility equation and two transport equations. The unknowns of the model are the
velocity of the fluid, the pressure of the fluid, the local concentration of microorganisms and
the oxygen concentration. We derive some appropriate a priori estimates for the weak solution,
which implies the existence, by application of Gossez theorem, and the uniqueness by standard
methodology of comparison of two arbitrary solutions.

Joint work with:
Luis Friz, Ian Hess & Alex Tello1, Facultad de Ciencias, Departamento de Ciencias Básicas,
Universidad del Bío-Bío , Chillán, Chile.

Referencias
[1] A. Coronel, L. Friz, I. Hess, A. Tello A result on the existence and uniqueness of statio-

nary solutions for a bioconvective flow model, to appear in “Journal in Function Spaces”.

[2] J. L. Boldrini, M. A. Rojas-Medar, and M. D. Rojas-Medar, Existence and uniqueness
of stationary solutions to bioconvective flow equations. Electron. J. Differential Equations 2013,
No. 110, 15 pp.

[3] A. Căpăţînă, R. Stavre. A control problem in biconvective flow. J. Math. Kyoto Univ. 37
(1997), no. 4, 585–595.

[4] Y. Kan-on, K. Narukawa, Y. Teramoto, On the equations of bioconvective flow. J. Math.
Kyoto Univ. 32 (1992), no. 1, 135–153.

*Partially supported by DIUBB 172409 GI/C and 183309 4/R at U. del Bío-Bío (Chile), e-mail:
acoronel@ubiobio.cl

1Partially supported by DIUBB 172409 GI/C at U. del Bío-Bío (Chile), e-mail: lfriz@ubiobio.cl

5



XXI Jornada de Matemática de la Zona Sur
Universidad Austral de Chile

25, 26 y 27 de abril de 2018, Valdivia, Chile

Nonradial solutions for the Hénon equation close to
the threshold

Pablo Figueroa*

Escuela de Educación Matemática e Informática Educativa
Universidad Católica Silva Henríquez

Santiago, Chile

Resumen

We consider the Hénon problem
−∆u = |x|αu

N+2+2α
N−2

−ε in B1,

u > 0 in B1,

u = 0 on ∂B1,

where B1 is the unit ball in RN and N > 3. For ε > 0 small enough, we use α as a parameter
and prove the existence of a branch of nonradial solutions that bifurcates from the radial one
when α is close to an even positive integer.

Joint work with:
Sérgio L. N. Neves1, Departamento de Matemática, Universidade Estadual Paulista, São José do
Rio Preto, Brasil.

Referencias
[1] Gladiali, F., Grossi M. and Neves S. L. N., Nonradial solutions for the Hénon equation

in RN , Adv. Math. 249 (2013). 1-36.

[2] Gladiali, F., Grossi M. and Neves S. L. N., Symmetry breaking and Morse index of
solutions of nonlinear elliptic problems in the plane, Commun. Contemp. Math., 18, (2016),
1550087, 31.

[3] Smoller, J.; Wasserman, A., Symmetry breaking for solutions of semilinear elliptic equations
with general boundary conditions, Comm. Math. Phys. 105 (1986). 415–441.
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Problema en un dominio exterior con condición de
frontera de Dirichlet

J.C. Guajardo B.*
Departamento de Matemática, FCFM

Universidad de Concepción
Concepción, Chile

Resumen

En esta presentación, estudiamos la existencia de soluciones radiales positivas para la EDP
div(A(|∇u|)∇u) + λk(|x|)f(u) = 0 sobre un dominio exterior con condición de frontera de Diri-
chlet. Utilizamos técnicas basadas en teoremas de punto fijo para operadores sobre espacios de
Banach. [1]

Trabajo realizado en conjunto con:
S. Lorca1, Instituto de Alta Investigación, Universidad de Tarapacá, Casilla 7-D, Arica, Chile.
R. Mahadevan2, Depto. de Matemática, FCFM, Universidad de Concepción, Concepción, Chile.

Referencias
[1] H.Wang, On the structure of positive radial solutions for quasilinear equations in annular do-

mains, Advances in Differential Equations,8 (2003), 111-128.

[2] J. Sánchez, Multiple positive solutions of singular eigenvalue type problems involving the one-
dimensional p-laplacian,J. Math. Anal. Appl., 292 (2004), 401-414.

*Parcialmente financiado por Universidad de Concepción, e-mail: juancguajardo@udec.cl
1Parcialmente financiado por Instituto de Alta Investigación, Universidad de Tarapacá, e-mail: slorca@uta.cl
2Parcialmente financiado por Universidad de Concepción, e-mail: rmahadevan@udec.cl
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Soluciones radiales positivas de problemas nolineales
con valores de frontera

Leonelo Iturriaga*

Departamento de Matemática
Universidad Técnica Federico Santa María

Santiago, Chile

Resumen

En esta charla consideraremos la siguiente ecuación elíptica cuasilineal:−div
(

|x|α∇u
(a(|x|) + g(u))γ

)
= |x|βup, en Ω

u = 0, en ∂Ω,

donde a es una función continua y positiva, g es una función continua no decreciente y no
negativa, Ω = BR es la bola de radio R > 0 centrada en el origen de RN , N ≥ 3, α, β ∈ R,
γ ∈ (0, 1) y p > 1.

Inicialmente, obtendremos un nuevo resultado tipo Liouville para una especie de “ecuación
quebrada”. Este resultado, combinado con las técnicas de blow-up, estimaciones a priori y resul-
tados de punto fijo de tipo Krasnosel’skii, nos permitirán asegurar la existencia de una solución
radial positiva. También, obtendremos un resultado de no existencia, probado a través de una
variación de la identidad de Pohozaev.

Trabajo realizado en conjunto con:
Patricio Cerda1, Departamento de Matemática y C.C., Universidad de Santiago de Chile, Santia-
go, Chile.
Sebastián Lorca2, Instituto de Alta Investigación, Universidad de Tarapacá, Arica, Chile.
Pedro Ubilla3, Departamento de Matemática y C.C., Universidad de Santiago de Chile, Santiago,
Chile.

Referencias
[1] A. Alvino, L. Boccardo, V. Ferone, L. Orsina and G. Trombetti, Existence results for nonlinear

elliptic equations with degenerate coercivity, Annali di Matematica. 182 (2000), 53-79.

[2] A. Benkirane, A. Youssfi, D. Meskine, Bounded solutions for nonlinear elliptic equations with
degenerate coercivity and data in an L log L, Bull. Belg Math. Soc. Simon Stevin, 15 (2008),
369-375.

[3] L. Boccardo, Some Elliptic Problems Whit Degenerate Coercivity, Avanced Nonlinear Studies,
6 (2006), 1-12.

[4] L. Boccardo, H. Brezis, Some Remarks on a Class of Elliptic Equations with Degenerate Coer-
civity , Bollettino U. M. I. 8 6-B (2003), 521-530.

*Parcialmente financiado por Fondecyt 1161635, 1171691 y 1171532, e-mail: leonelo.iturriaga@usm.cl
1Parcialmente financiado por PAI-CONICYT 79140015, e-mail: patricio.cerda@usach.cl
2e-mail: slorca@uta.cl
3Parcialmente financiado por Fondecyt 1161635, 1171691 y 1171532, e-mail: pedro.ubilla@usach.cl
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9 (2001), 919-940.

[7] P. Clement, D. de Figueiredo and E. Mitidieri Quasilinear elliptic equation with critical expo-
nents, Topol. Methods Nonlinear Anal. 7 (1996), no. 1, 133-170.

[8] P. Clement, R. Manásevich and E. Mitidieri Positive solutions for a quasilinear system via blow
up, Comm. in P.D.E. 18 (1993), 2071-2106.

[9] L. Evans, Partial Differential Equations, American Mathematical Soc. 01 June 1998.

[10] M. A. Krasnosel’skii, Positive solutions of operators equations, Noordhoff, Groningen, 1964.

[11] S. N. Armstrong, B. Sirakov, Nonexistence of positive supersolutions of elliptic equations via
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Controlabilidad de la escuación Korteweg-De Viries
en una red en forma de estrella

Claudia Moreno*

Departamento de Matemáticas
Universidad Técnica Federico Santa María

Valparaíso

Resumen

La teoría de control tiene un lugar importante en diferentes disciplinas científicas. Esta permite
el estudio de ciertas propiedades de modelos matemáticos que describen fenómenos físicos. Una
gran parte de estos modelos utilizan diferentes tipos de ecuaciones en derivadas parciales, siendo
para nosotros de gran interés los sistemas de ecuaciones acoplados desde un nivel aplicativo.

En esta charla se presentará la ecuación Korteweg-de Vries en una red en forma de estrella,
este sistema esta conformado por N ecuaciones de Korteweg-de Vries acopladas por las condicio-
nes de borde. En la literatura (ver[1]) se han obtenido resultados de controlabilidad exacta con
N + 1 controles donde N controles actúan en los extremos de la red más un control central. Se
mostrará que el sistema es exactamente controlable con menos controles. El sistema es descrito
por la siguiente ecuación:



(∂tuj + ∂xuj + uj∂xuj + ∂3
xuj)(t, x) = 0, ∀x ∈ (0, lj), ∀t > 0, j = 1, ..N

uj(t, 0) = uk(t, 0), ∀t > 0, j, k = 1, ..N∑N
j=1 ∂

2
xuj(t, 0) = −αu1(t, 0)− N

3
(u1(t, 0))2 + g(t), ∀t > 0, j = 1, ..N

uj(t, lj) = 0, ∀t > 0, j = 1, ..N
∂xuj(t, lj) = gj(t), ∀t > 0, j = 1, ..N
uj(0, x) = u0

j (x), ∀x ∈ (0, lj), j = 1, ..., N.

(1)

.
Usamos la dualidad y el método de multiplicadores para estudiar la controlabilidad del sistema
linealizado en tormo al origen y la teoría de punto fijo para incluir las nolinealidades.

Trabajo realizado en conjunto con:
Eduardo Cerpa1, Departamento de Matemáticas , Universidad Técnica Federico Santa María ,
Valparaíso, Chile.
Emmanuelle Crépeau2, Departamento de Matematicas, Universidad Versailles Saint Quentin en
Yvelines, Versailles, Francia.

Referencias
[1] K. Ammari, E. Crépeau. Feedback stablilization and boundary controllability of the Korteweg-

de Vries equation on a star-shaped network. Preprint, 2017, 18-22.

*Parcialmente financiado por Conicyt, e-mail: claudia.morenog@sansano.usm.cl
1Parcialmente financiado por Conicyt, e-mail: eduardo.cerpa@usm.cl
2e-mail: emmanuelle.crepeau@uvsq.fr

10



XXXI Jornada de Matemática de la Zona Sur
Universidad Austral de Chile

25, 26 y 27 de abril de 2018, Valdivia, Chile

Solutions to the Cahn-Hilliard-Willmore equation in
dimension 2 and 3

Matteo Rizzi*
Centro de Modelamiento matemático

Universidad de Chile
Santiago, Chile

Resumen

In the talk I will discuss the construction of some solutions to the Cahn-Hilliard-Willmore
equation

−∆(−∆u+W
′
(u)) +W

′′
(u)(−∆u+W

′
(u)) = 0, W (t) :=

(1− t2)2

4
(1)

in R2 and in R3. There are some Γ-convergence results that relate the corresponding energy

Eε(u) :=
1

2ε

∫
Ω

(
ε∆u+

W ′(u)

ε

)2

dx,

appropriately rescaled with a small parameter ε, to the Willmore functional, defined as the
integral of the squared mean curvature of the interface, that is

W(u) :=

∫
∂E∩Ω

H2
∂E(y)dσ∂E(y), E := {x ∈ Ω : u(x) = 1}

if u ∈ BV (Ω) only takes the values ±1, +∞ otherwise (see [1, 3]). In view of these results, it is
natural to think that, rescaling a given solution to the Cahn-Hilliard-Willmore equation with a
small parameter ε > 0, the interface will be, in the limit as ε→ 0, a Willmore surface.

In ([2]) and ([4]) we start from a prescribed Willmore manifold and we construct solutions
vanishing close to it. In particular, in [2] we construct an entire solution (1) in dimension 2,
vanishing close a periodic Willmore curve, and in [4] we construct a solution in dimension 3
vanishing close to the Clifford Torus, that is the Torus of radii 1 and

√
2. In this case, due to

the geometry, a Lagrange multiplier appears.

Joint work with:
Andrea Malchiodi1, Classe di Scienze, Scuola normale superiore, Pisa, Italy.
Rainer Mandel2, Fakultät für Mathematik, KIT, Karlsruhe, Germany.

Referencias
[1] Bellettini, G., Paolini, M., Approssimazione variazionale di funzioni con curvatura, Semi-

nario di analisi matematica, Univ. Bologna, 1993.

[2] Malchiodi, A., Mandel, R., Rizzi, M., Periodic solutions to a Cahn-Hilliard Willmore
equation in the plane, Arch. Ration. Mech. Anal. 228 (2018), no. 3, 821-866.

*Partially supported by Fondecyt, Conicyt, Proyecto n. 3170111, e-mail: mrizzi1988@gmail.com
1Partially supported by MIUR Bando PRIN 2015 2015KB9WPT001, e-mail: andrea.malchiodi@sns.it
2Partially supported by Scuola Normale superiore, e-mail: rainer.mandel@kit.edu
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[3] Nagase, Y., Tonegawa, Y., A singular perturbation problem with integral curvature bound,
Hiroshima Math. J. 37, (2007), no. 3, 455-489.

[4] Rizzi, M., Clifford Tori and the singularly perturbed Cahn-Hilliard equation, J. Differential
Equations 262 (2017), no. 10, 5306-5362.
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The role of the Painlevé equation
in phase transition phenomena

Panayotis Smyrnelis*
Centro de Modelamiento Matemático

Universidad de Chile

Resumen

We study qualitative properties of global minimizers of the Ginzburg-Landau energy which
describes light-matter interaction in the theory of nematic liquid crystals. This model depends
on two parameters: ε > 0 which is small and represents the coherence scale of the system and
a ≥ 0 which represents the intensity of the applied laser light. In particular we are interested
in the phenomenon of symmetry breaking as a and ε vary. We show that when a = 0 the
global minimizer is radially symmetric and unique and that its symmetry is instantly broken as
a > 0 and then restored for sufficiently large values of a. Symmetry breaking is associated with
the presence of a new type of topological defect which we named the shadow vortex. We also
discovered that the profile of the global minimizers on the boundary of the illuminated region
is given by the universal equation of Painlevé. The symmetry breaking scenario is a rigorous
confirmation of experimental and numerical results obtained earlier.

Joint work with:
Michal Kowalczyk1, Universidad de Chile, CMM.
Marcel Clerc2, Universidad de Chile, Departamento de Física.
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Breathers and the dynamics of solutions in KdV
type equations
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Resumen

In this talk our first aim is to obtain a large class of non-linear functions f(·) for which the
IVP for the generalized Korteweg-de Vries equation does not have breathers or “small"breathers
solutions. Also we prove that all small, uniformly in time L1∩H1 bounded solutions to KdV and
related perturbations must converge to zero, as time goes to infinity, locally in an increasing-in-
time region of space of order t1/2 around any compact set in space. This set is included in the
linearly dominated dispersive region x� t. Moreover, we prove this result independently of the
well-known supercritical character of KdV scattering. In particular, no standing breather-like
nor solitary wave structures exists in this particular regime.

Joint work with:
Gustavo Ponce1, Department of Mathematics, University of California-Santa Barbara, CA 93106-
USA.
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Resumen

In this talk we will introduce the moment method for controllability of evolution PDEs,
which is based on the properties of the exponential functions {e−λnt} in the space L2([0, T ]),
where {λn} is the family of eigenvalues of the involved differential operators. Since the seminal
work of Fattorini-Russell (1971), where it was proved the null-controllability of parabolic equa-
tions, this method has been widely used.

In particular, we are interested in the boundary controllability of systems of coupled parabolic
equations, were interesting properties have been proved using this method. We will present some
recent results for Kuramoto Sivashinsky (KS) system, a parabolic fourth order partial differential
equation, coupled with the heat equation, and some related problems.

Joint work with:
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